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ABSTRACT. Let (Q, a) be a symmetric quiver, where Q — (Qo, Qi) is a finite quiver without 
oriented cycles and a is a contravariant involution on Qo LI Qi. The involution allows us to 
define a nondegenerate bilinear form <, > on a representation V of Q. We shall call the repre- 
sentation orthogonal if <, > is symmetric and symplectic if <, > is skew-symmetric. Moreover 
we can define an action of products of classical groups on the space of orthogonal represen- 
tations and on the space of symplectic representations. For symmetric quivers of finite type, 
we prove that the rings of semi-invariants for this action are spanned by the semi-invariants 
of determinantal type c v and, in the case when matrix defining c v is skew-symmetric, by the 
Pfaffiansp/ V . 

Introduction 

The representations of symmetric quivers, introduced by Derksen and Weyman in [7], 
provide a formalization of some problems related to representations of classical groups. 
Magyar, Weyman and Zelevinsky in [17] classified products of flag varieties with finitely 
many orbits under the diagonal action of general linear groups. The representations of sym- 
metric quivers could be a tool to solve similar problems for classical groups. 
Igusa, Orr, Todorov and Weyman in [13J generalized the semi-invariants of quivers to virtual 
representations of quivers. They associated, via virtual semi-invariants of quivers, a simpli- 
cial complex T(Q) with each quiver Q. In particular, if Q is of finite type, then the simplices 
of T(Q) correspond to tilting objects in a corresponding Cluster category (defined in [4]). 
It would be interesting to carry out a similar construction for semi-invariants of symmetric 
quivers of finite type and to relate it to Cluster algebras (see [111 an d El)- 
For usual quivers, Derksen and Weyman in [6] proved that the rings of semi-invariants are 
spanned by semi-invariants of determinantal type c v (introduced by Schofield in [20 J), where 
V is a representation of the quiver in question. An analogous result has been independently 
proved with a different approach by Domokos and Zubkov in [8J. 

In this paper, which is extract from my PhD thesis, supervised by Professor Jerzy Weyman, 
whom I gratefully thank, we provide similar results for symmetric quivers of finite type. In 
next paper we will deal with generators of rings of semi-invariants for symmetric quivers of 
tame type. 

A symmetric quiver is a pair (Q, a) where Q is a quiver (called underlying quiver of (Q, a)) 
and a is a contravariant involution on the union of the set of arrows and the set of vertices 
of Q. The involution allows us to define a nondegenerate bilinear form <, > on a represen- 
tation V of Q. We call the pair (V, <, >) orthogonal representation (respectively symplectic) 



2 



SEMI-INVARIANTS OF SYMMETRIC QUIVERS OF FINITE TYPE 



of (Q,cr) if <,> is symmetric (respectively skew-symmetric). We define SpRep(Q, (3) and 
ORep(Q, (3) to be respectively the space of symplectic /3-dimensional representations and 
the space of orthogonal /3-dimensional representations of (Q, a). Moreover we can define an 
action of a product of classical groups, which we call SSp(Q, (3) in the symplectic case and 
SO(Q, (3) in the orthogonal case, on these space. We describe a set of generators of the ring 
of semi-invariants OSI(Q, (3) of ORep(Q, (3) and of the ring of semi-invariants SpSI(Q, (3) of 
SpRep(Q, a). 

Let (Q,cr) be a symmetric quiver and V a representation of the underlying quiver Q such 
that ( dim V, (3) = 0, where (•, •) is the Euler form of Q. Let 

— >P 1 ^P — >V — > 

be the canonical projective resolution of V (see (HI). We define the semi-invariant c v := 

det(Hom Q (d v , •)) of OSI(Q, (3) and SpSI(Q, 0) (see U and EDI ). 

Let C + be the Coxeter functor and let V be the duality functor. We will prove in the symmet- 
ric case the following 

Theorem 1. Let (Q,a) be a symmetric quiver of finite type and let (3 be a symmetric dimension 
vector. The ring SpSI(Q, (3) is generated by semi-invariants 

(i) c v ifVe Rep(Q) is such that (dim V, 0) = 0, 

(ii) pf v ifV E Rep(Q) is such that ( dim V, (3) = 0, C + V = W and the almost split sequence 
-> W -> Z V ^0 has the middle term Z in ORep(Q). 

Theorem 2. Let (Q, a) be a symmetric quiver of finite type and let (3 be a symmetric dimension 
vector. The ring OSI(Q, (3) is generated by semi-invariants 

(i) c v ifVe Rep(Q) is such that (dimV, (3) = 0, 

(ii) pf v ifV& Rep(Q) is such that ( dim V. (3) = 0, C + V = W and the almost split sequence 
-> W -> Z -> V -> has the middle term Z in SpRep(Q). 

A similar result has been obtained by Lopatin in IT14) in a different setting, using ideas 
from Hl5l . 

The strategy of the proofs is the following. First we set the technique of reflection functors 
on the symmetric quivers. Then we prove that we can reduce Theorems Q] and |2l by this 
technique, to particular orientations of the symmetric quivers. Finally, we check Theorems Q] 
and |2] for these orientations. 

In the first section we give general notions and results about usual and symmetric quivers 
and their representations. We state main results [T] and |2] and we recall some results of repre- 
sentations of general linear groups and of invariant theory. 

In the second section we adjust to symmetric quivers the technique of reflection functors and 
we prove general results about semi-invariants of symmetric quivers. 

In the third section we check we can reduce Theorems [T] and |2] to a particular orientation of 
symmetric quivers of finite type. Finally, using classical invariant theory and the technique 
of Schur functors, we prove case by case Theorems [T] and for symmetric quivers of finite 
type with this orientation. 
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1. Preliminary results 
Throughout the paper k denotes an algebraically closed field of characteristic 0. 

1.1. Representations of quivers. A quiver Q is a quadruple (Qo, Qi,t, h) where Qo is a set 
of vertices, Q\ is a set of arrows and t,h : Qi — > Qo are two maps which assign to each 
arrow a G Q\ respectively its tail ta G Qo and its head ha G Qo- Throughout the paper we 
consider quivers Q without oriented cycles, i.e. in which there are no paths a± ■ ■ ■ a n such 
that ta\ = ha n . 

A representation V of Q is a family of finite dimensional vector spaces {V(x) \x G Qo} and of 
linear maps {V(a) : V(ta) — > V(ha)} a€ Q 1 . The dimension vector of V is a function dim (V) : 
Qo — > N defined by dim (V)(x) := dimV(x). For a dimension vector a we have 

Rep{Q,a) = Hom{k a ^ ta \k a ^) 

aeQo 

the variety of representations of Q of dimension a. Moreover we define 

SL(Q,a) = Yl SL(a(x)) < GL(a{x)) =GL(Q,a). 

xeQo xeQo 

The action of these groups on Rep(Q, a) is defined by 

9-V = {ghaV{a)g ta -i} aeQl 
where^ = {g x )xeQ a G GL(Q,a) and V G Rep(Q,a). 

A morphism / : V — > of two representations is a family of linear maps {/(x) : V(x) — > 
W(x)| f{ha)V{a) = W(a)f(ta)\/a G QijseQo- We denote the space of morphisms from V to 
by Hoitiq(V, W) and the space of extensions of V by W by Ext^V, W). 

Definition 1.1. The non symmetric bilinear form on the space of dimension vectors given by 

xeQo aeQi 

is the Eulerform of Q, where a,/3e 

A vertex x G Qo is said to be a sink (resp. a source) of Q if x = ha (resp. x = ta) for every 
a G Qi connected to x. 

Let x G Qo be a sink (resp. a source) of a quiver Q and let {a±, . . . , a^} be the arrows con- 
nected to x. We define the quiver c x (Q) as follows 

c x (Q)o = Qo 

c x {Q)i = {c x {a)\a G Qi} 

where tc x (ai) = hai, hc x (ai) = tai for every i G {1, . . . , k} and tc x (b) = tb, hc x (b) = hb for 
every b G Q\ \ {ai, . . . , at}. Moreover, we can define the reflection c x : Z Qo — > Z Qo given for 
q G Z Qo by formula 

r v n / */ y / a; 

QrWW \ Ef=i - «(«) otherwise. 
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Finally it is known (see [3 J and |5J) that for every x G Qo sink or a source of Q we can define 
respectively the functors 

C+ : Rep(Q,a) -> Rep(c x (Q), c x (a)) 

and 

C~ : Rep(Q,a) -> Rep(c x (Q), (^(a)) 

called reflection functors. 

Definition 1.2. Le£ Q be a quiver with n vertices without oriented cycles. We choose the numbering 
(xi, . . . , x n ) of vertices such that ta > ha for every a G Q\. We define 

C~^~ '■ — — ' ' ' C^~., avid C m . — — C™, * * * C™ . 

The functors C + , C~ : Rep(Q) — > Rep(Q) are called Coxeter functors. 

One proves that these functors don't depend on the choice of numbering of vertices (see 
12) chap. VII Lemma 5.8). 

1.2. Symmetric quivers. 

Definition 1.3. A symmetric quiver is a pair (Q, a) where Q is a quiver (called underlying quiver 
of(Q, a)) and a is an involution on Qo U Q\ such that 

(i) <t(Qo) = Qo and a{Qi) = Qx, 

(ii) ta(a) = a (ha) and ha (a) = a (ta) for all a £ Q\, 

(iii) a (a) = a whenever a G Q\ and a(ta) = ha. 

Let V be a representation of the underlying quiver Q of a symmetric quiver (Q, a). We 
define the duality functor V : Rep(Q) — > Rep(Q) such that VV(a;) = V(<r(a;))* for every x G 
Qo and VV(o) = —V(a(a))* for every a G Qi. If / : V — > is a morphism of representations 
V,W £ Rep(Q), then V/ : VIV is defined by V/(x) = f(a(x))*, for every x G Q . We 

call V selfdual if W = V. 

Definition 1.4. An orthogonal (resp. symplectic) representation of a symmetric quiver (Q,a) is 
a pair (V,< •, • >), where V is a representation of the underlying quiver Q with a nondegenerate 
symmetric (resp. skew-symmetric) scalar product < • > on 2e Q o V( x ) SMC ^ ^ fl ^ 

(i) the restriction of < •, • > to V(x) x V(y) is ify ^ a(x), 

(ii) < V(a)(v),w > + < v, V(a(a))(w) >= 0/or all v G V(ta) and all w G V(a(a)). 

By properties (i) and (ii) of definition [L4l an orthogonal or symplectic representation 
(V, < -, ■ >) of a symmetric quiver is selfdual. 

We shall say that a dimension vector a is symmetric if a(x) = a(a(x)) for every x G Qo- 
Since each orthogonal or symplectic representation is selfdual, then dimension vector of an 
orthogonal (resp. symplectic) representation, which we shall call respectively orthogonal 
and symplectic dimension vector, is symmetric. 

Definition 1.5. An orthogonal (respectively symplectic) representation is called indecomposable or- 
thogonal (respectively indecomposable symplectic) if it cannot be expressed as a direct sum of orthog- 
onal (respectively symplectic) representations. 

Definition 1.6. A symmetric quiver is said to be of finite representation type if it has only finitely 
many indecomposable orthogonal (resp. symplectic) representations up to isomorphisms. 

Derksen and Weyman classified the symmetric quiver of finite type in 
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Theorem 1.7. A symmetric quiver (Q, a) is of finite type if and only if the underlying quiver Q is of 
type A n . 

Proof. See [7J, theorem 3.1 and proposition 3.3. □ 

We describe the space of orthogonal (resp. symplectic) representations of a symmetric 
quiver (Q, a). 

We denote Qq (respectively Ql) the set of vertices (respectively arrows) fixed by a. Thus we 
have partitions 

Qo = Qt U Ql U Q 
Qi = Qt U Ql U 

such that Qq = ct{Qq) and Q± = (r(Qf), satisfying: 

i) Va G Q^ , either {ta, ha} C Qq" or one of the elements in {ta, ha} is in Qq" while the 
other is in Qq) 

ii) Vx G Q^ , if a G Qi with ta = x or ha = x, then a G Q^ U QJ. 

The space of orthogonal a-dimensional representations of a symmetric quiver (Q, a) can be 
identified with 

2 

(1) ORep(Q,a) = tfom(k a (' a \ k^) © /\(k Q (* a ))*. 

The space of symplectic a-dimensional representations can be identified with 

(2) SpRep(Q,a) = Hom(k a ^ ta \k a ^) © S^k"^)*. 

We define the group 

(3) SO{Q,a)= Yl SL(a{x))x ]J SO{a(x)), 

x&Q+ x^Qq 

where SO(a(x)) is the group of special orthogonal transformations for the symmetric form 

< •, • > restricted to V(x). 

Assuming that a(x) is even for every x G Qq, we define the group 

(4) SSp(Q,a)= 11 SL(a(x))x ]J Sp(a(x)), 

where Sp(a(x)) is the group of isometric transformations for the skew-symmetric form 

< • > restricted to V(x). 

The action of these groups is defined by 

9 ■ V = {ghaV(a)g^ a 1 } aeQ + uQ s 

where g = (g x )xeQo e SO(Q,a>) (respectively g G SSp(Q,a)) and V G ORep(Q,a) (respec- 
tively in SpRep(Q, a)). In particular we can suppose g c c x ) = (dx *)* IOT every x G Qq. 
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1.3. Semi-invariants of quivers without oriented cycles and main results. In this section 
first we define semi-invariants which appear in main results of paper and we describe some 
property of these for any quiver Q; then we state main theorems. 
Let Q be a quiver with n vertices. We denote 

SI{Q,a) = k[Rep(Q,a)} SL{Q ' a) 
the ring of semi-invariants of a quiver Q. 

For every g G GL(Q,a) the character r at g is r(g) = det(g) Xl ■ ■ ■ det(g) Xn , where \ = 
(xi, • • • , Xn) £ 27 1 is also called weight if r is a weight for some semi-invariant. So the ring 
SI(Q, a) decomposes in graded components as 

SI(Q,a)= SI(Q,a) T 

T£char(GL(Q,a)) 

where SI(Q,a) T = {/ G k[Rep(Q , a))\g ■ f = r(g)f V 5 G GL(Q,a)}. 
We define the semi-invariants which appear in the main theorems. 

For every V G Rep(Q, a), we can construct a projective resolution, called canonical resolution 
of V: 

(5) v ( ta ) ®Pha^ V(x) ®P x ^V^0 

aeQi x<=Q 

where P x is the indecomposable projective associated to vertex x for every x G Qq (see |2J), 

d V \v(ta)®p ha ( v ® e ha) = V{a){v)®e ha -v®aar\dp v \ v{x) ® Px (v) = v®e x . Applying the functor 
HomQ(-, W) to d v for W G Rep(Q, (5), we have that the matrix associated to HoiriQ(d v , W) 
is square if and only if (a, (3) = (see 120 1 Lemma 1.2). 

Definition 1.8. For V G Rep(Q, a) such that (a, j3) = 0, where (3 G N n , we define 

c v : Rep{Q,(3) — ► k 

W i — ► c v (W) = det(Hom Q (d v ,W)). 

These are semi-invariants of weight (a, ■), called Schofield semi-invariants (see [20] Lemma 1.4). 

Remark 1.9. (i) Any projective resolution ofV can be used to calculate c v (see |20l ). Moreover 
if P is a projective representation, then c p = 0. 
(ii) If (dimV, dimW) = 0, then c v {W) = if and only ifHom Q (V, W) ^ (see Hp. 

Now we formulate the result of Derksen and Weyman about the set of generators of the 
ring of semi-invariants of a quiver without oriented cycles Q. 

Theorem 1.10 (Derksen- Weyman). Let Qbea quiver without oriented cycles and let /3bea dimen- 
sion vector. The ring SI(Q, j3) is spanned by semi-invariants of the form c v of weight ( dim (V), ■), 
for which (dim(V), 0) = 0. 

Proof. See |6| Theorem 1. □ 

We give some property of Schofield semi-invariants. 

Lemma 1.11. Suppose that V 1 , V, V" and W are representations ofQ, that ( dim (V) , dim (W)) = 
and that there are exact sequences 

-» V' -» V -> V" -» 

then 

(i) If(dim(V'),dim(W)) < 0, then c v (W) = 



□ 
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(ii) If(dim(V'),dim(W)) = 0, then c v {W) = c v ' {W)c v " (W). 

Proof. See [6| Lemma 1. 

We recall definition and properties of the Pfajfian of a skew-symmetric matrix. 
Let A = {a,ij)\<ij<2n be a skew-symmetric 2n x 2n matrix. Given In vectors x\,..., X2 n in 
k 2n , we define 

n 

F A (x 1 ,...,x 2n ) = sgn(s)Y[(x s( 2i-i),x s( 2{)), 



il<Jl,-..,in<j'n 
<!<...<»n 



i=l 



where sgn(s) is the sign of permutation 

1 2 ... 2n - 1 2n 

n jl ■ ■■ in jn 

and (•, •) is the skew-symmetric bilinear form associated to A. So F A is a skew-symmetric 
multilinear function of x\, ■ . . , x 2n - Since, up to a scalar, the only one skew-symmetric mul- 
tilinear function of 2n vectors in k 2n is the determinant, there is a complex number Pf(A), 
called Pfaffian of A, such that 

F A (x 1 ,...,x 2 n) = Pf(A)det[ X\ , ■ ■ ■ , X2n\ 

where [x±, . . . , x 2n ] is the matrix which has the vector xi for i-th column. In particular we 
note that 

1 2 ... 2n - 1 2n 

h ji ■ ■■ in jn 



Pf(A) 



E 



sgn 



il<...<i n 



Oil 



Jl 



□ 



Proposition 1.12. Let Abe a skew-symmetric In x 2n matrix. 

(i) For every invertible 2n x 2n matrix B, 

Pf(BAB l ) = det(B)Pf(A); 

(ii) det(A) = Pf(Af. 

Proof. See HU, chap. 5 sec. 3.6. 

Let V G Rep(Q, a) and let j3 be a dimension vector such that (a, /3) = and HomQ{d^ nin , ■) 
is skew-symmetric on Rep(Q, (3), we can define 

pf v :Rep(Q,(3) — k 

In this work we describe a set of generators of the rings of semi-invariants of symmetric 
quivers of finite type. 

Let a be a dimension vector of an orthogonal or symplectic representation, we denote 

OSI(Q, a) := k[ORep(Q, a)] so{Q ' a) and SpSI(Q, a) := k[S P Rep(Q, a )fMQ,<*) 

respectively the ring of orthogonal semi-invariants and the ring of symplectic semi-invariants 
of a symmetric quiver (Q,a). 
We state the main theorems 

Theorem 1.13. Let (Q, a) be a symmetric quiver of finite type and let [3 be a symmetric dimension 
vector. The ring SpSI(Q, 0) is generated by semi-invariants 

(i) c v ifV£ Rep(Q) is such that (dim V, (3) = 0, 
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(ii) pf v ifV E Rep(Q) is such that ( dim V, (3) = 0, C + V = W and the almost split sequence 
-> W -> Z -> V -> /?fls t^e m/Me ferm Z m ORep(Q). 

Theorem 1.14. Let (Q, a) fee a symmetric quiver of finite type let j3bea symmetric dimension vector. 
The ring OSI(Q, (3) is generated by semi-invariants 

(i) c v ifV£ Rep{Q) is such that (dim V, 0) = 0, 

(ii) pf v ifV € Rep(Q) is such that ( dim V, (3) = 0, C + V = W and the almost split sequence 
-> W Z V -> has the middle term Z in SpRep{Q). 

The strategy of the proofs is the following. First we set the technique of reflection functors 
on the symmetric quivers. Then we prove that we can reduce theorems |1.13l and ll.l4[ by this 
technique, to particular orientations of the symmetric quivers. Finally we check theorems 
|1.13| and ll.l4l for these orientations using technique of Schur functors. 

Definition 1.15. Let (Q, a) be a symmetric quiver. We will say that V G Rep(Q) satisfies property 
(Op) if 

(i) V = c-vv 

(ii) the almost split sequence — ► W — > Z — > V — > has the middle term Z in ORep(Q). 
Similarly we will say that V G Rep(Q) satisfies property (Spp) if 

(i) V = c-vv 

(ii) the almost split sequence — ► W — > Z — > V — > /zas ffae middle term Z in SpRep(Q). 

1.4. Invariant theory and Schur modules. Let G be an algebraic group, V a rational repre- 
sentation of G and k[V] the algebra of regular functions of V. 

If X{G) is the set of characters of G, then the ring of the semi-invariants of G on V is defined 
by 

SI(G,V)= S/(G,V) X 

where SI(G, V) x = {/ G k[V] |p • / = x(g)fi ^9 € C7} is called weight space of weight x- The 
following lemma describes SI(G, V) in the case when G has an open orbit on V. 

Lemma 1.16 (Sato-Kimura). Let Gbea connected linear algebraic group and V a rational represen- 
tation of G. We suppose that the action ofGonV has an open orbit. Then SI(G, V) is a polynomial 
k-algebra and the weights of the generators ofSI(G, V) are linearly independent in X(G). Moreover, 
the dimensions of the spaces SI(G, V) x are or 1. 

Proof. See [21 j sect. 4, Lemma 4 and Proposition 5. □ 

Let G = GL n (k) be the general linear group over k. There exists an isomorphism Z = 
X(G) which sends an element a of Z in (det) a (where det associates to g G G its determi- 
nant). We identify G with the group GL(V) of linear automorphisms of a vector space V of 
dimension n. So we have 

SI(G,V) = k[V} SL{v \ 

Let T and X(T) respectively be the maximal torus in G (i.e. the group of diagonal matrices) 
and the set of characters of T. The irreducible rational representations of G are parametrized 
by the set 

X+(T) = {A = (A l5 . . . , X n ) G Z n |Ai > • • • > A n } 

of the integral dominant weights for GL n (k). The irreducible rational representations S\V 
of G = GL n (k) corresponding to the dominant weight A G X + (T) are called Schur modules. 
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In the case when A n > (i.e. A is a partition of Ai + • • • + A n ), a description of S X V is given in 
0, 13 and CH). For every A € X + (T), we can define S X V as follows 

n 

S (Xl ,..., Xn) V = 5 (Al _ A „,... )An _ 1 _ An ,o ) F (A V)® x ". 

Let A = (Ai, . . . , A n ) be a partition of |A| := Ai + • • • + A n . We call height of A, denoted by 
ht(X), the number k of nonzero components of A and we denote the transpose of A by A'. 

Theorem 1.17 (Properties of Schur modules). Let V be vector space of dimension n and A be an 
integral dominant weight. 

(i) S X V = 0« ht{\) > 0. 

n 

(ii) dim S\V = 1 A = (k, . . . , k) for some n G Z. 
(in) {S { x lt ...,x n )VY - S [Xl _ Xn) V* - S Hw „,_a 1 )V. 

Proof. See Theorem 6.3 in flQ|. □ 

Theorem 1.18 (Cauchy formulas). Lef F and W be two finite dimensional vector spaces. Then 

(i) As representations ofGL(V) x GL(W), 

d 

S d {V ®W) = S X V ® S X W and /\(V (g> W) = S X V ® SVW. 

|A|=d |A|=<f 

(ii) As representations ofGL(V), 

2 

S d (S 2 (V)) = 5 2A y and S d (/\(V)) = 5 2A ^, 

|A]=rf |A]=rf 

zw/zero 2A = (2Ai, . . . , 2A&) if A = (A 1; . . . , X k ). 
Proof. See HH) chap. 9 sec. 6.3 and sec 8.4, chap 11 sec. 4.5. □ 
The decomposition of tensor product of Schur modules e 

s x v®s li v = Q<% li s v v, 

V 

where the coefficients are called Littlewood-Richardson coefficients. 

There exists a combinatorial formula to calculate c-( , called Littlewood-Richardson rule (see in 

El chap. 12 sec. 5.3). 

Finally we state other two results on Schur modules and invariant theory. 

Proposition 1.19. Let V be a vector space of dimension n. 

{S x V) SLiy) + <=> A = (fc n ) 

/or some k and in this case S X V, and so also (S X V) SL ( V \ have dimension one. 

Proof. See Corollary p. 388 in □ 

Proposition 1.20. Let V be a vector space of dimension n and let A and n be two integral dominant 
weights. Then 

(S X V ® S fl V) SLV ^ 
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Aj — Aj-fi = Hn~i ~ fJ-n—i+1 

for every i € {1, . . . , n — 1} and in this case the semi-invariant is unique (up to a non zero scalar) 
and has weight Ai + p. n = A 2 + fj- n -i = • • ■ = K + Ml- 

Proof. It is a corollary of (7.11) in [16J chap. 1 sec. 5. □ 

Let Sp(2n) = {A G GL 2n (^)\AJA = J} be the simplectic group, let 0(n) = {A € 
GL n (k)|^*^ = 7} be the orthogonal group and SO(n) = {A € 0(n)|efet A = 1} be the 

special orthogonal group, where I is the identity matrix and J = f ^ ^ V 

Proposition 1.21. Lei V fee an orthogonal space of dimension n and let W be a symplectic space of 
dimension 2n. 

1 if \ = 2ijl 
otherwise 



(a) cftm (S A y)°( v ) 



(c) ^m(5 A PF) s fW = 



1 if A = 2/x' 
otherwise 
for some partition fj, and for some k G N. 

Proof. See EHJ chap. 11 cor. 5.2.1 and 5.2.2. □ 

2. Reflection functors and semi-invariants of symmetric quivers 

2.1. Reflection functors for symmetric quivers. We adjust the technique of reflection func- 
tors to symmetric quivers. 

Definition 2.1. Let (Q, a) be a symmetric quiver. A sink (resp. a source) x € Qo is called admissible 
if there are no arrows connecting x and a(x). 

By definition of a, x is a sink (resp. a source) if and only if a(x) is a source (resp. a sink). 
We call (x, a(x)) the admissible sink-source pair. So we can define C( Xt(r i x \\ := c a t x \c x . 

Lemma 2.2. If(Q,a) is a symmetric quiver and x is an admissible sink or source, then {c( XjCr f x \\(Q),(r) 
is symmetric. 

Proof. It follows from definition of a. □ 

Definition 2.3. Let (Q, a) be a symmetric quiver. A sequence x\, . . . ,x m e Qo is an admissible 
sequence of sinks (or sources) for admissible sink-source pairs if Xi+i is an admissible sink (resp. 
source) in c^ a{Xz)) ■ ■ ■ c {xi ^ Xl)) {Q) for i = l,...,m-l. 

One proves by a simple combinatorial argument the following 

Proposition 2.4. Let (Q, a) and (Q', a) be two symmetric connected quivers without cycles, with 
the same underlying graph but with different orientations. Then there exists an admissible sequence 
of sinks (or source) for admissible sink-source pairs x\,. . . ,x m G Qo such that 

Q' = C( lB ,ff(l B )) • ' ' C( Xlta ( Xl ))(Q). 

Let (Q,a) be a symmetric quiver and (x,a(x)) a sink-source admissible pair. For every 
V € Rep(Q), we define the reflection functors 

C+ , „y := C~ ( ,CtV and C7 , „V := C X C + , >V. 

(x,a(x)) < J ( X ) x (i,(t(i)) x cr(x) 
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Proposition 2.5. Let (Q, a) be a symmetric quiver and V G Rep(Q). If (x, a(x)) is a sink-source 
admissible pair, then 

VCf lx y = C+ i and VC7 , »V = C7 , «VV. 

In particular for every x admissible sink and y admissible source we have 

v = vv^ c+ Mx)) v = vc+ a(x)) v o c ( - jCT(jc)) f = vc^v. 

Proof. It follows from definition of reflection functors for symmetric quivers and from defi- 
nition of duality functor V. □ 

Corollary 2.6. Let (Q, a) and (Q', a) be two symmetric quivers with the same underlying graph. We 
suppose that Q' = cr Xmjt7 (x m )) ■■■ c (xi,a(xi)){Q) f or some admissible sequence of sinks x±, ... ,x m e 
Qofor admissible sink-source pairs and let V' = Cf,^ a r x \\ • • • Cf a r Xl ))V e Rep(Q'). Then 

V = C~W & V = c-w. 

Proof. It follows from Proposition |2.5l □ 

Proposition 2.7. Let (Q, a) be a symmetric quiver and let x be an admissible sink. Then V is an 
orthogonal (resp. symplectic) representation of(Q, a) if and only ifC^ x a t x \\V is an orthogonal (resp. 
symplectic) representation of (cr X}a -t x \\Q,cr). 
Similarly for C7 ,y. if x is an admissible source. 

Proof. By proposition |2.5| we have V = W if and only if Cf, a r x )\V = VCj a ( x -\\V- To define 
an orthogonal (respectively symplectic) structure on ,y. V the only problem could occur 
at the vertices fixed by a. But, by definition of admissible sink and of the involution a, fixed 
vertices and fixed arrows don't change under our reflection. The proof is similar for C7 , » 
with x an admissible source. □ 

2.2. Orthogonal and symplectic semi-invariants. If W is a vector space of dimension n, we 
denote Gr (r, W) the set of all decomposable tensors w\ A. . . A w r , with w\, . . . ,w r € W, inside 

A r w. 

Lemma 2.8. If x is an admissible sink or source for a symmetric quiver (Q, a) and a is a dimension 
vector such that c( Xt(r i x \\a{x) > 0, then 

i) if Cf XiCr M\a(x) > there exist isomorphisms 

SpSI(Q,a) SpSI(c( Xia ( x ))Q,C( Xia ( x ))a) 



and 

OSI(Q,a) ^ OS/(e( IjCT ( ffl ))Q,C( X)CT (z))a), 
ii) if cr X)Cr r x \-\a(x) = there exist isomorphisms 



and 



SpSI(Q,a) SpSI(c( Xta ( x ))Q,c Mx)) a) 



OSI(Q,a) ^ OSI(cf X(T t x ))Q,Cf x „f x ))a)[y] 



where A[y] denotes a polynomial ring with coefficients in A. 
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Proof. We will prove the lemma for the symplectic case because the orthogonal case is sim- 
ilar. Let x G Qo be an admissible sink. Put r = a(x) and n = J2ha=x a (^ a )- We n °t e that 
C(x,*(x))a(x) = n - r. Put V = k r , V = k n ~ r and W = @ ha=x k a(4a) = k n . We define 

Z= Hom{k a{ - ta \k< ha ^) © S 2 (k a (* a ))* 

a 6 Q+ aeQ? 

and 

G = [] 5L(a(y)) x [] Sp(a(i/)). 

Proof of i). U cr X(7 f x -\\a(x) > Owe have 

S P SI{Q,a) = k[S P Re P (Q,a)} SSp(Q ' a) = 
k[Z x Hom(W,V)] GxSLV = (k[Z] ®k[Hom(W,V)] SLV f = 
(k[Z]®k{Gr(r, W*)}) G 

and 

SpSI( c (,x,a(x))Q> c (x,<r(x)) a ) = 

k[S P Re P (c Mx)) Q, C(a>(7(:c)) a)] S5 P( c (^(^)«' c (^^)) a ) = 
k[Z x Hom(V',W)] GxSLV ' = (k{Z] ®k[Hom(V' ,W)] SLV '} G = 
(k[Z] ®k[Gr(n - r,W)]) G . 

Since Gr(r, W*) and Gr(n — r, W) are isomorphic as G-varieties, it follows that SpSI(Q, a) 
and SpSI(c {x ^ x)) Q, c {xMx)) a) are isomorphic. 

Proof ii). If C(~ oC x y\a{x) = 0, then n = r and V = 0. So Gr(0, W) is a point and hence 
(6) SpSI(Q,a) = (k[Z] ®k[Hom{W,V)]) GxSLV 

is isomorphic to 

SpSI(c {xMx)) Q,c {xMx)) a) = (k[Z\ ®k[Hom{V, W)]) GxSLV = k[Z} GxSL ^ v \ 

Now let A = {a£ | ^ a = x l- Using theorem ll.181 each summand of ® contains 
(®aeA S\(a)V) SLV as factor. By proposition 11.201 each X(a), with a £ A, has to contain a 
column of height a(ta), hence A(a) = //(a) + (l Q (* a )), for some //(a) in the set of partitions A. 
So as factor we have 

/ \ SLV 

<^(s {la{ta)) k a ^) sLv ^ ® (® 5 (1 „ (to)) y ) 

a£A VagA / 

which is generated by det(® ha=x k a ^ -» k ^)). On the other hand we have 

k[ffom(W, y)]) Gx ' s ' i y = k[det(Q) ha=x k a ^ -> k a ^))] and so we have the statement t0, with 

1/ = dei(0 ha=:r k a ( ia ) -» k ^)). □ 

We recall that, by definition, symplectic groups or orthogonal groups act on the spaces 
which are defined on the vertices in Qq, so we have 
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Definition 2.9. Let V be a representation of the underlying quiver Q with dim V = a such that 
{a, f3) = Ofor some symmetric dimension vector (5. The weight ofc v on SpRep(Q, f3) (respectively 
on ORep(Q, j3)) is (a, ■) - Y<xeQ° Q £ ^ a ' where 



(7) £x,a(y) 



(a,-)(x) y = x 
otherwise. 



We shall say that a weight is symmetric if x(i) = — x{ a {i)) f° r every i € Qq. 
Remark 2.10. Let (Q, a) be a symmetric quiver and V G Rep(Q, a). We note that 

(dm(c-vv), •)(*) = -(«, ->K0) 

for every i E Qo- So, ifC~VV = V then \ = («, •) is a symmetric weight. 

We show the relation between c v and (respectively C~) and between c v and duality 
functor V. 

If / is a semi-invariant of a quiver Q, we call Z(f) the vanishing set of /. We have following 
lemma 

Lemma 2.11. Let f and f be two semi-invariants of a quiver Q such that Z(f) = Z(f') is irre- 
ducible. Then f = k ■ f for some non zero fcek. 

Proof. Since Z(f) is irreducible, also / is an irreducible polynomial. From Z(f) = Z(f') it 
follows that f'\f and so / = k ■ f for some non zero k € k. □ 

Remark 2.12. Let a be a dimension vector. For any finite set S of generators of SI (Q, a), we can 
find a finite generating set S' consisting of irreducible polynomials such that every element in S is the 
product of elements in S'. 

Lemma 2.13. Let V be an indecomposable representation of Q of dimension a such that Z(c v ) is 
irreducible and let xbea sink ofQ. Then 



c 



v -k-{c c * v oCt) 



on Rep(Q, 0) such that (a,f3) =0 and for some non zero fcek. 

Proof. First we note that, by remark 12.121 and by theorem ll.lOi it's not restrictive to suppose 
Z{c ) is irreducible. By remark [L9l ii), the vanishing set of c v is the hypersurface 

Z(c v ) = {W £ Rep(Q,(3)\Hom Q (V,W) / 0} 
and the vanishing set of c c * v is the hypersurface 

Z(c c * v ) = {CtW e Rep(c x (Q),c x ((3))\Hom Q (C+V,C+W) + 0}. 
By definition of reflection functor, for every W G Rep(Q, (3), 

Hom Q (V, W) + ^ HoniQiC+V, C+W) + 0. 
Hence Z(c v ) = Z{c c * v ). 

So, by lemma 12.111 we conclude that there exist non zero k G k such that c v = k ■ (c Cx v o 

ct). □ 

Similarly one proves the following two lemmas 
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Lemma 2.14. Let V be an indecomposable representation of Q of dimension a such that Z(c v ) is 
irreducible and let xbe a source ofQ. Then 

c v = k-(c c * v oC~) 

on Rep(Q, (5) such that (a, (3) = and for some non zero fcek. □ 

Lemma 2.15. Let (Q, a) be a symmetric quiver. For every representation V of the underlying quiver 
Q such that Z(c v ) is irreducible, we have 

(8) c v = fco( c ^ w oV) 

for some non zero k € k. □ 

Corollary 2.16. Let (Q, a) be a symmetric quiver. For every representation V of the underlying 
quiver Q and for every orthogonal or symplectic representation W such that ( dim (V), dim (W)) = 0, 
we have 

c v (W) = c c ~ vv (W). 

Proof. It follows directly from lemma |27L5l □ 

We conclude this section with a lemma which will be useful later. 
Lemma 2.17. Let 



(Q,cr) : .'/ — •'• — 2 a(z) rr{.r) — a{ij) 

be a symmetric quiver. Assume there exist only two arrows in Qf incident to x G Qq, a : y — > x and 
b : x — > z with y,z G Qq U Qq. Let V be an orthogonal or symplectic representation with symmetric 
dimension vector (aj)j 6 Q = a such that a x > max{a y , a z }. 

We define the symmetric quiver Q' = ((Q' , Q[),a) withn — 2 vertices such that Q' = Qo\{x, cr(x)} 
and Q[ = Q% \ {a, b, a (a), cr(b)} U {ba, a(a)a(b)} and let a' be the dimension ofV restricted to Q'. 
We have: 

(Sp) Assume V symplectic. Then 

(a) if a x > max{a y ,a z } then SpSI(Q,a) = SpSI{Q' ,a') r 

(b) ifa x = a y >a z then SpSI(Q,a) = SpSI(Q' ,a')[detV(a)], 
(b') ifa x = a z >a y then SpSI(Q,a) = SpSI(Q' ,a')[detV(b)}, 

(c) ifa x = a y = a z then SpSI(Q,a) = SpSI(Q' ,a')[detV(a),detV(b)]. 
(O) Assume V orthogonal. Then 

(a) if a x > max{a y ,a z } then OSI(Q,a) = OSI(Q' ,a') r 

(b) ifa x = a y >a z then OSI(Q,a) = OSI(Q' ,a')[detV(a)] r 
(b') ifa x = a z >a y then OSI(Q,a) = OSI{Q' ,a')[detV{b)}, 

(c) ifa x = a y = a z then OSI(Q,a) = OSI(Q' ,a')[detV(a),detV(b)}. 

Proof. By Cauchy formulas (Theorem ll.l8|) , we can decompose SpSI(Q, a) and OSI(Q, a) in 
tensor products of Schur modules. Now it's enough to adjust the proof of Lemma 28 in [22] 
to symmetric quivers using properties of Schur modules (Proposition 11.17) ) and Propositions 
O9land[L20l □ 
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3. Semi-invariants of symmetric quivers of finite type 

We recall that by Theorem 1 1.71 a symmetric quiver of finite type has the underlying quiver 
of type A n . Throughout this section we enumerate vertices with 1, . . . , n from left to right 
and we call ai the arrow connecting i and i + moreover we define a by a(i) = n — i + 1, for 
every % E {1, . . . , n}, and cr(aj) = a(a n -i), for every i E {1, . . . , n — 1}. 
We shall denote Vij the indecomposable representations of A n such that 

/ j . t t- \ ( 1 l<i<k<j<n 

bkmv^h = | Q - otherwise . 

Let (Q, a) be a symmetric quiver of type A n and let V G Rep(Q) be indecomposable such that 
C~W = V. By Auslander-Reiten quiver of Q, we note that V = Pi i<7 (j+i) and the middle 
term Z of the almost split sequence of V is ^ i0 -(i) © ^ or some * € Qo- Finally we 

note that we can define on Z an orthogonal structure if n is odd and a symplectic structure 
if n is even. So, for an indecomposable representation of Q, if n is even then (i) and (ii) of 
property (Spp) are equivalent and if n is odd then (i) and (iz) of property (Op) are equivalent. 
Let (Q, a) be a symmetric quiver and V G Rep(Q). We consider 



o — >p t d ™% p n — ► y — >o 



the minimal projective resolution of V. 

Lemma 3.1. Let (A n , a) be a symmetric quiver of type A. Let V E Rep(Q, a) such that V = C~W 
and let (5 a symmetric dimension vector such that (a, (3)=0, then we have the following. 

(i) Ifn is even, HomQ(d^ nin , •) is skew-symmetric on ORep(Q, (5). 

(ii) Ifn is odd, HorriQ(d^ lin , ■) is skew-symmetric on SpRep(Q, 0). 



x.a 



Proof Let V G Rep(Q,a) be such that C~W = V. So the weight x = («, •> - ExeQ- £ 
associated to a is symmetric (see Remark [2.10[) . If mi is the first vertex such that x( m i ) 7^ 0, in 
particular we suppose x{ m i) = L then the last vertex m s such that x( m s) / is m s = a(mi) 
and x( m s) = —1- Between mi and m s , -1 and 1 alternate in correspondence respectively of 
sinks and of sources. Moreover, by definition of symmetric weight, we have s = 21 for some 
/ G N. We call «2, • • • , k the sources, ji, ■ ■ ■ , ji-i the sinks, i\ = mi and ji = m s . Hence we 
have a(i t ) = ji-t+l an d i\ < j\ < . . . < %i < j\. Now the minimal projective resolution for V 
is 

h v k 

(9) — > Pj ™ Pi — > V — > 

and so we have 



3=31 »=H 



3l dV 3l 



3=31 3=31 



(10) — Pj -2% P CT(i) — » V — 0, 
with 

(11) = "( «i fe j fc if /i = / - A; + 1 



~ a ik+i,jk if h — I k 



otherwise, 
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where dij is the oriented path from i to j. 
Hence 



31 



(12) Hom(dl in , W) : W(a(j)) = W(j)* — Wtf) 

i=ii i=ii i=ii 

where 

(13) (Hom(d v min ,W)) hk =l W(a ihdh ) if k = I - h + 1 

[ otherwise. 

Now TV is orthogonal or symplectic, so for k^=h,i£k = l — h + 1 we have 

(Hom(cC in ,W)) hk = W{a ihdh ) = W(a a(jl _ h+l)Jh ) = -W(a ff(j - h j^^)' = 

-W(a k _ h+Ujl _ h+I y = -W(a iktjk y = -((Hom(d v mm ,W)) kh ) t . 

In a similar way it proves that if k = I — h then (Hom(d^ lin , W))hk = ~{(Hom(d^ nin , W))^)*. 
Finally the only cases for which (Hom(d^ nin , W))hh 7^ are when h = I — h + 1 and h = I — h. 
In the first case (the second one is similar) we have (Hom(d^ lin ,W))hh = W(ai h j h ) = 
W(a aUh)Jh ) and *0)w0* = -W{a ih>jh f = -W{a aijh)>jh f. ButW(a a(J ^ jh ) = 

—W(a a rj h Yj h ) t for n even if and only if W G ORep(Q), for n odd if and only if W E 
SpRep(Q). ' □ 

Definition 3.2. For V G Rep(Q, a) satisfying property (Spp) (resp. satisfying property (Op) such 
that (a, 0) = 0, where f3 is an orthogonal (resp. symplectic) dimension vector, we define 

pf v :Rep(Q,(3) — » k 

W _> pfV(w)=Pf(Hom Q (dl in ,W)). 

By following Propositions and by Lemma [2T8l it follows that if Theorem l 1 .131 and Theorem 
I1.14l are true for (Q, a), then they are true for (cr x cr r x ^Q, a). 

Proposition 3.3. Let (Q, a) be a symmetric quiver of finite type. Let a be a symmetric dimension 
vector, x be an admissible sink and tp x f a be as defined in lemma \2.8\ 

Then (p x f a (c v ) = c (*>"•(*)) and (f x %(pf w ) = pf ( X << X V , where V and W are indecomposables 
of Q such that ( dim V, a) = = ( dim W, a) and W satisfies property (Op). In particular 

(i) i/O = a x + a x - X + a x+1 , then (ipxfa)' 1 (c 5 *) = 0; 

(ii) if0^a x = a x _i + a x+1 , then ip x p a (c s ^)) = 0. 

Proof. We consider the same notation of proof of Lemma 12.81 If x is an admissible sink of 
(Q, a), then we have, by definition of C7 a t x \y 

C ( x> a( x ))\z( S P Re P( C (x,a(x))Q,C Mx)) a)) = Z 

and 

C ( x ,a( x ))\Hom(v\w)( s P Re P( c (x,a(x))Q,C(x,a(x))^)) = Hom(W,V). 
Now C7 ,y. induces a ring morphism 



J X,OL 



:k[SpRep(Q,a)} — > WySpRep(c {x ^ {x)) Q,c {x ^ {x)) a)} 

f I ► / O C7 , y. 

J J (X,a(x)) 
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By proof of Lemma IZ8l we note that 

KC Mx)) Z x C- t(T{x)) Hom(V',W)] ss P^ = k[Z x Hom(W, V)] SS ^ Q ^ 

is isomorphic by A to k[ZxHom(V',W)] SSp ^^ Q ^^ a ). Hence V S x p a = <t>%%\s P Sl(Q,a) 
and so for every representation Z of dimension vector a of (Q, a) we have 

(14) ^%(c v )(C+ Mx)) Z) = (c v o C Mx)) )(C^ (x)) Z) = c v (Z) 
and 

(15) A(pf W ){C^ a(x)) Z) = ( P f w o C Mx)) ){C^ {x)) Z) = P f w (Z). 

By Lemma Ell and EH we have c v (Z) = k ■ c%><°l*» V \c+ a{x)) Z), for some k e k. So, by 

(O, <£x P a sends c v to c C <- x << x V V up to a constant in k. Similarly for pf w . □ 

Proposition 3.4. Let (Q, a) be a symmetric quiver of finite type. Let a be a symmetric dimension 
vector, x be an admissible sink and ip^a be as defined in lemma |Z81 

Then <p xa (c v ) = c C W( a 0) V ' and tp xa (pf w ) = pf C( - x ' a( - x))W , where V and W are indecomposables 
of Q such that ( dim V, a) = = ( dim W, a) and W satisfies property (Spp). In particular 

(i) ifO = a x ^ a x -i + a x+1/ then (^J -1 ^*) = 0; 

(ii) if0^a x = a x -! + a x+1 , then (p° a (c s °^) = 0. 

Proof. One proves similarly to Proposition l3.3l □ 

In next sections we prove Theorem l 1.13 l and 1 1 . 14l f or symmetric quivers of type A in equior- 
iented case, i.e. the case in which all the arrows have the same orientation. We shall call A, 
ERA and EC A respectively the set of partitions, the set of partition with even rows and the 
set of partition of even columns. 

3.1. The symplectic case for A^n- We can restate Theorem |1.13| in the following way 

Theorem 3.5. Let (Q, a) be an equioriented symmetric quiver of type A 2 n and let a be a symplectic 
dimension vector. Then SpSI(Q, a) is generated by the following indecomposable semi-invariants: 

(i) c v i<* of weight ( dim Vj.j, ■) for every l<j<i<n — 1 such that ( dim Vj,j,a) = 0, 

(ii) c^' 2 "-^ of weight [diniY, ■>,, ,. ■) for every i e {1, . . . , n}. 

The result follows from the following statement 

Theorem 3.6. Let (Q, a) be an equioriented symmetric quiver of type A2 n , where 

Q = a% : 1 -21* 2 • • • n n + 1 • • • 2n - 1 ^ 2n, 

and let V be a symplectic representation, dim (V) = (oti,..., a n ) = a. Then SpSI(Q, a) is gener- 
ated by the following indecomposable semi-invariants: 

(i) det(V(a,i) ■ ■ ■ V(a,j)) with j < i G {1, . . . , n — 1} if min{aj + i, . . . , cti} > ay = a-j+i; 

(ii) det(V(a 2n -i) • • • V(ai)) with i e {1, . . . , n} ifmin{a i+ i, . . . , a n } > a*. 

Proof. We have 

n-l 

X := SpRep(Q, a) = V(t ai )* ® VQuh) S 2 V*. 
i=l 

We proceed by induction on n. For n = 1 we have the symplectic representation 
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where V% is a vector space of dimension a and V(a) is a linear map such that V(a) = V(a) t . 
So 

SpRep(Q, a) = S 2 V{ 

and by theorem |1.18l 

SpSI(Q,a) = (S X V 1 ) SL ^\ 

XeERA 

a 

By proposition [L191 and since A G ERA, SpSI(Q, a) ^ if and only if A = (2k, ...,2k) for 
some k G N and we have that (S\V\) SL ( Vl ^ is generated by a semi-invariant of weight 2k. 
We note that V(a) G ^ (dety(a)) fc is a semi-invariant of weight 2k. So SpSI(Q, a) = 

k[detV{a)}. 

Now we prove the induction step. By theorem |1.18| we obtain 

SpSI(Q,a) = (k[X]) SL{V) = 

(5 A(ai) Fi) 5L(yi) ®(5 A(ai) y 2 *05 A(a2) y 2 ) 5L ^)®- • MSx( an . 1 )K®s Han) v n ) SL ™ 

A(a^),.. ., \(a„ i ) and 

We suppose that there exists i G {1, . . . , n — 2} such that ai < • • • < a* and a^+j < a». By 
lemma IHZl 

SpSI(Q,a) = SpSI(Q l ,a l ) 
where Q 1 is the smaller quiver 1 — > 2 ■ ■ ■ i — 1 — > i+1 • • • 2n—i+l — ► 2ra— i+3 • • • 2n — 1 — > 
2re and a 1 is the restriction of a in Q 1 . 

If i does't exist, we have a% < ■ ■ • < a n -i- So, by lemma 12.171 we have the generators 
deb Vifli) = det V (cx(aj)) if on = Oi+i, 1 < i < n — 2. 
We note that, by proposition ll.l9[ 

A(ai) = 

is a rectangle with A;i columns of height a\, for some k\ G N. Since a\ < ■ ■ • < a n -i/ by 
proposition |1.20i we obtain that there exist fcj, . . . , Ar n _i £ N such that 

ai cti—ati-i 

A(flj) = (fcj • • • + fei , . . . , k% + • • • + fei) . . . j ki, . . . , ki), 

for every i G {1, . . . ,n — 1}. We also know that A n must have even rows. If a n = ctj < 
< • • • < f° r some j G {1, . . . , n — 1} then S\ rl _ l V* = unless A; n _i + • • • + kj+% = 0, 
soA(a n _i) = ••• = X(a j+1 ) = X(a 3 ). By proposition [L2QJ (Sx^^V* ® S x{an) V n ) SL ^ = 
(S\(a-)Vn ^ 5 , A(a n )Hi) Si ^ V "^ contains a semi-invariant if and only if 

oi a„-Oj_i 



A(a n ) = (A;„ + kj-i H h A;i, . . . , k n + fe^-i H bh,..., k n , ■ ■ ■ , k n ), 

but k n + kj-i + ■ ■ ■ + k\,k n + kj-i H + k2, ■ ■ ■ ,k n have to be even and then Ai n , fcj-_i , . . . , k\ 

have to be even. As before, by lemma 12.171 we can consider the smaller quiver Q 2 : 1 — ► 
2 • • • j — > n — > n + 1 — ► 2n — j + 1 • • • 2n — 1 — > 2n and then 

SpSI(Q,a) & S P SI{Q 2 ,a 2 ) = 
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Now to complete the proof it's enough to find the generators of SpSI(Q 2 , a 2 ) for a n = ctj < 
a-j+i <••• < CX- n-l- 

By proposition 11.201 for every I G {1, . . . ,j}, (S X ( a i_ 1 ) v i* ® S\(a l ) v l) SL ^ is generated by 
a semi-invariant of weight (0, . . . , 0, ki, 0, . . . , 0) where ki = 2h with h G N, is l-th compo- 
nent. Since V(a,2 n -l) ■ • • V( a i) 6 SpSI(Q, a) h- > (dei(V(a2n-i) • • • V(a/)))' 1 is a semi-invariant 
of weight (0, . . . , 0, k h 0, . . . , 0), so it generates (S^^V* ® S x{ai) Vi) SL{ y^ . Now A(a,) = 
A(a^_i) + (k^ 1 ) hence c?ei(V(a2 n -z) ■ ■ ■ V(ai)) is a generator of SpSI(Q, a). 

aj=a n 

In the summand of SpSI(Q, a) indexed by the families of partitions in which \(dj) = (kj, . . . , kj), 
with kj G N, we have that (Sx(a j )Vj) SL ( v ^ <8> (S\^V*) SL( - Vn ^ is generated by a semi-invariant 
of weight 

(0, . . . , 0, kj, 0, . . . , 0, — kj) where kj and — kj are respectively the j-th and the n-th compo- 
nent and we note, as before, that (det(V(a n -i) ■ ■ ■ V(aj))) kj is a semi-invariant of weight 

(0, . . . ,0, kj,0, ... ,0, —kj). Since A(oj) = A(aj_i) + (kj 3 ~ "), det(V(a n _i) ■ ■ ■ V(a.j)) is a gen- 
erator of SpSI(Q, a). 

In the summand of SpSI(Q, a) indexed by the families of partitions in which A(a n ) = 

(k n , ... ,k n ) with k n G 2N, we note again that (Sx( a „)Vn) SL ^ is generated by (det(V (a n ))) kn 
of weight (0, ... ,0, k n ) where n-th component k n is even. Since A(a n ) = A(a-,_i) + (k% n ), 
det(V(a n )) is a generator of SpSI(Q, a). □ 

Proof of Theorem\3J)\ First we note that ay = a, + i is equivalent to ( dim Vj dim = 0. If we 
consider the minimal projective resolution of Vjj, we have 

— > P m ^ iy — > ^ — 
and applying the Houiq -functor we have 

Hom Q (ai ■■■a,j,V) : Hom Q (Pj, V) = Vj V( - a ^'^ y i+l = Hom Q (P i+l , V). 
So, det(V{ ai ) • • • V(aj)) = det(Hom Q ( ai ■■■a j , V)) = c v ^^(V). 

In the same way one proves that det(V(a2 n ~i) • • 'V(<h)) = det(Vi — > Vin-i+l = V*) = 
c v i: 2n-i (y^ but in this case, since dim V = dimVV, we have a« = a^n-i+i and so 
( dim Vj <).n-i, dim V) = for every i G {1, . . . , n}. Moreover we note that 

(i) c^n-Mn-j (y) = by lemmaEH since t~ VV jt { = V 2n ~i,2n-j; 

(ii) for every j G {1, . . . , n — 1} and for every i G {n + 1, . . . , 2n — 1} \ {2n — j} there exists 
fe > i G {1, . . . , n - 1} such that 2n - k = i and so c v 3>* (V) = c^.*- 1 (V) ■ c Vk - 2 ™- k (V). 

Now, using theorem !3.6[ we obtain the statement of the theorem. □ 

3.2. The orthogonal case for A2 n . We restate Theorem [LM] in the following way 

Theorem 3.7. Let (Q, a) be an equioriented symmetric quiver of type A2 n and let a be the dimension 
vector of an orthogonal representation of(Q, a). 

Then OSI(Q, a) is generated by the following indecomposable semi-invariants: 

(i) c Vj ^ of weight ( dim Vjj, ■) for every 1 < j <i <n — 1 such that (dim Vji, a) = 0, 

(ii) pf v i,2n-i of weight (^t v ^- iA f or every i G {1, . . . , n} such that a>i is even. 

The result follows from the following statement 
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Theorem 3.8. Let (Q, a) be an equioriented symmetric quiver of type A2 n , where 
Q = A e n q :1^2---n^n + l---2n-l a ^2n, 

and let V be an orthogonal representation, dim (V) = (a.\, . . . , a n ) = a. Then OSI(Q, a) is gener- 
ated by the following indecomposable semi-invariants: 

(i) det(V{ai) ■ ■ ■ V(aj)) with j < i G {1, . . . , n — 1} if min(oej + i, . . . , «j) > ctj = cti+i; 

(ii) pf{V{a2n-i) • • • V(di)) with i G {1, . . . , n} if min{ai + \, . . . , a n ) > a^and a; L is even. 

Proof. We have 

n-l 2 

X := ORep(Q, a) = V{t ai )* ® V{h ai ) ffi /\ V*. 

i=l 

We proceed by induction on n. For n = 1 we have the orthogonal representation 



v x v -Hv? 



where V% is a vector space of dimension a and V(a) is a linear map such that V{a) = — V{ 

2 

ORep(Q,a) = /\V{ 

and by theorem ll.181 

OSI(Q,a)= (S^f^ 
\eECk 

By proposition OH since A G EC A, OSI(Q,a) / if and only if A = (k~~^k) with 
even, for some k. We note that V(a) G /\ 2 V* i— > (pfV(a)) k is a semi-invariant of weight /e 
so (5 , A^i) 5L( - yi - ) is generated by the semi-invariant (p/ F(a)) fc if a is even and OSI(Q, a) = 
k\pfV(a)]. 

Now we prove the induction step. By theorem ll.181 we obtain 



OSI(Q,a) = (k[X]) 



SL(V) 



(SA(a 1 )^l) Si{ ' /l) ®(^(a 1 )^^^(a 2 )^2) Si{V/2) ®- ■ ■ ® (5 A(a „_ l) F n * ®S A(an) K) 5 ^ 

A(a^) , . . . , A(a n _ ^ ) and 
A(«„)6fiCA 

The proof of this theorem is the same of the proof of the theorem 13.61 up to when we have 
to consider a n . As in the previous proof we can suppose a\ < ■ ■ ■ < a n -i, otherwise, by 
induction, we can reduce to a smaller quiver. 

By lemma 12.171 we have the generators det V(di) = det V(a(ai)) if «j = a^+i, 1 < i < n — 2. 
By proposition ll.20[ we obtain that there exist k±, . . . , G N such that 

A(oj) = {ki + • • • + k\, . . . , k\ + • ■ ■ + Aii, . . . , fcj, . . . , fcj), 
for every i G {1, . . . , n — 1}. 

Now we consider the hypothesis on X(a n ) by which it must have even columns. If a n = a>j < 
ctj+i <■■■ < ctn-i for some j G {1, . . . ,n-l} then 5A(o n _i)Ki = unless fc n -iH \-kj+i = 0, 
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soA(a n _i) = ••• = X(a j+1 ) = A(a,). By proposition EM (Sx^^V* ® S x(an) V n ) SL ^ = 
(S\( aj )V* <g> Sx(a n )Vn) SL( - Vn ^ contains a semi-invariant if and only if 

A(fln) = (&n 4" kj— l + • • • + . . . , & n + fej— 1 + • • • + k\, . . . , k n , . . . , k n ), 

but ai, «2 — ai, • • • , a n — ay_i have to be even and then ai,..., ay_i, a n have to be even. 
As before, by lemma 12.171 we can consider the smaller quiver Q 1 : 1 — > 2 ■ ■ ■ j — > n — ► 
n + 1 — > 2n — j + 1 • • • 2n — 1 — > 2n and then 

osi(Q,a) - (^^(^••^(s^ 

Now to complete the proof it's enough to find the generator of this algebra for a n = ctj < 

Uj+i < ■ ■ ■ < a n -i- 

By proposition[L2Ql for every le{l,...,j} such that a x is even, (5 A(a;i) VJ* ® Sx( ai )Vi) SL( - v ^ 
is generated by a semi-invariant of weight (0, . . . , 0, ki, 0, . . . , 0) where ki E N, is l-th com- 
ponent. We note that V(a 2n -i) • • • V{a{) G OSI(Q, a) h-> (p/(V r (a 2n _/) • • • y(a/))) fci is a semi- 
invariant of weight (0, . . . , 0, fc/ , 0, . . . , 0), so it generates 

(Sxia^V? ® S x{ai) Vi) sm) . Since A(a,) = A(a,_i) + (£f ), 

pf(V(a 2n -i) ■ ■ ■ V(ai)) is a generator of OSI(Q, a). In the summand of OSI(Q, a) indexed 

ctj=a„ 

by the families of partitions in which X(aj) = (kj, . . . , kj), with kj E N, we have that 
{Sx^ a -)Vj) SL ^ <8> {S\( aj )V*) SL ( Vn } is generated by a semi-invariant of weight 
(0, . . . , 0, kj, 0, . . . , 0, — kj) where kj and — kj are respectively the j-th and the n-th compo- 
nent and we note, as before, that (det(V(a n -i) ■ ■ ■ V(cij))) k j is a semi-invariant of weight 
(0, ... ,0, kj,0, ... ,0, —kj). Since X(a,j) = A(aj_i) + (kJ J ~ a "), det(V (a n _i) • • • ^(oj)) is a gen- 
erator of OSI(Q, a). 

In the summand of OSI(Q, a) indexed by the families of partitions in which A(a n ) = (k n , . . . ,k n ) 
with k n E N, we note again that if a n is even (S A ( an )K) 5L( ' V "' ) is generated by (p/(V r (a„))) fe ' 1 
of weight (0, . . . ,0, k n ). Since A(a n ) = X(aj-i)+(k^ n ), pf(V(a n )) is a generator of SpSI(Q, a). 

□ 

Proof of Theorem 13771 By lemma I37TI we can define p/^ if V = t~W, since we are dealing 
with orthogonal case. Moreover we note that Vi^n-i = t~ Hence using the theorem 

13.81 the proof is similar to the proof of theorem |3.5[ □ 

3.3. The symplectic case for A2 n +i- We can restate theorem |l.l3| in the following way 

Theorem 3.9. Let (Q, a) be an equioriented symmetric quiver of type A 2n+ i and let a be a symplectic 
dimension vector. Then SpSI(Q, a) is generated by the following indecomposable semi-invariants: 

(i) c^-* of weight ( dim Vj i, •) — £ n +i,iiimKi (see Definition \2.9i for every 1 < j < i < n such 
that ( dim Vj,%, a) = 0. 

(ii) pf v i,2n+i-i of weight (^^ v *^+ i=iA j or eV ery i E {1, . . . , n} such that ai is even. 

The result follows from the following statement 
Theorem 3.10. Let (Q, a) be an equioriented symmetric quiver of type A 2n +i, where 
Q : 1 2 • • • n n + 1 ^ n + 2 • • • 2n ^ 2n + 1, 

and let V be an symplectic representation, dim (V) = (a.%, . . . , a n +i) = a. Then SpSI(Q, a) is 
generated by the following indecomposable semi-invariants: 
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(i) det(V(ai) • • • V(a,j)) with j < i e {1, . . . , n + 1} if min(a.j + i, . . . , «j) > ay = oti + \; 

(ii) pf(V(a2n-i+i) • • • V(ai)) with i e {1, . . . , n} ifmin(ai + i, . . . , a n +i) > aj flnrf a, is euen. 

Proof. First we recall that if V is a symplectic representation of dimension a = (a% , . . . , a n +i) 
of a symmetric quiver of type A2 n +i, in the symplectic case, V n+ \ = V* +l is a symplectic 
space, so if V n +i ^ then dim V n+ \ has to be even. We proceed by induction on n. For n = 1 
we have the symplectic representation 

Vl m Va = vi v?. 

By theorem [L18l 

S P SI(Q,a) = 0(S A y 1 ) 5i(yi) ® (5 A y 2 ) 5 ^ 2 ). 
AeA 

Oil 

By proposition 11.191 and proposition ll.21l SpSI(Q, a) ^ if and only if A = (k,. . . , k), for 
some /c, and /ii(A) has to be even. Moreover we have that (£(fc<n)Vi) sri ' (Vl) <g> (%-i)V2) 5p(y2) 
is generated by a semi-invariant of weight (k, 0). If a\ > a 2 then 5 A V2 = unless A = 
and in this case SpSI(Q,a) = k. If a\ = a 2 then ht(X) = ati = a 2 . We note that detV(a) k 
is a semi-invariant of weight (k, 0). Hence (SxVi) SL ^ ® (SaV^) 5 ^ 2 ) is generated by the 
semi-invariant dety(a) fc , so SpSI(Q,a) = k[detV(a)]. Finally if a\ < a 2 then ht(X) = a% 
has to be even. We recall that in the symplectic case —V(a) t V(a) is skew-symmetric. We 
note that pf{-V{a) t V{a)) k is a semi-invariant of weight (k, 0) so (SxV 1 ) SL ^ ® (5 A ^) 5p(%) 
is generated by the semi-invariant V{a) t V{a)) k if «i is even and thus SpSI(Q,a) = 
k\pf(-V(aYV(a))]. 

Now we prove the induction step. Let X = SpRep(Q, a) and by theorem |l.!8| we obtain 

SpSI(Q,a) = (k[X}) SSp(V) = 

© (Sx iai) Vi) SL ^ ® (s A(ai) v? ® s A(aa) v 2 ) SL ( Va >® 

A(ai),...,A(a n )eA 

■ • • ® (S X (a n . 1 )V: ® 5 A(an) K) 5L ^) ® (5 AK) K+i) 5p(y " +l) , 
The proof of this theorem is the same of the proof of the theorem |3.6l up to when we have to 
consider a n+ i. As in the proof of theorem |3.6| we can suppose a\ < ■ ■ ■ < a n , otherwise, by 

= aj+i, 1 < i < n — 1. 



cunsiuei u n +i. iii me piuui ui uieuieui u.ui we i_ctii suppuse u.\ \ 
induction, we can reduce to a smaller quiver. 

By lemma IZTTl we have the generators det V(a{) = det V(a(a{)) if a>i = 
By proposition |1.20[ we obtain that there exist k±, . . . , k n G N such that 

ai aj— oj_i 

/^^^^^^^^^^^^^^ ^^^^^^^^^^^^^^ \ 

A(fli) = (fcj • * * + fei, . . . , k% -\- • • • + fei) . . . j /cj, . . . , hi), 
for every i G {1, . . . , n}. 

Now, by proposition [L21} A(a n ) must have even columns. If a n+ i = ay < ay+i < ■ • ■ < 

for some j G {1, . . . , n} then Sx^Ki+i = umess k n H + Ay+i = 0, so A(a n ) = • • 

A(aj+i) = X(aj). As before, by lemma 12371 we can consider the smaller quiver Q l : 1 
2 • • • j — > n + 1 — ► 2n - j + 2 • • • In — ► 2n + 1 and then 

s P si(Q,a) * (Sx^) 3 ^ ® ... ® (5 A(aj „ l) y; ® 5 A(aj) y J ) SL(v/j) ® 

(i6) ® 5 AK) k) sl(Ki) ® (^j^h-i) 5 ^ , 
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where 

qi oin+i— ay_i 



Xydjj — (kj -\- ' ' ' -\- k\ j ... j kj ~\~ ' ' ' ~\~ k\ i ■ ■ ■ i kj, . . . , kj), 

andai,«2— «i, • • • , a n +i- Oj-i have to be even otherwise, by proposition ll.2ll (S\( a .)V n +i) Sp ( Vn+1 ' 
0. Now to complete the proof it's enough to find the generators of the algebra lO for 

a n +i = oij < a j+ i < ■■■ <a n . 

By proposition |1.20[ for every I G such that a t is even, (Sx( ai _ 1 )V l * (g> S X ( ai ) VJ) 5L(V!) 

is generated by a semi-invariant of weight (0, . . . , 0, ki, 0, . . . , 0) where ki G N, is Z-th com- 
ponent. We note that V(a 2n -i+i) ■ ■ ■ V(a t ) G S P SI(Q,a) ^ ( P f(V(a 2n -i+i) ■ ■ ■ ^(a ; ))) fci is 
a semi-invariant of weight (0, . . . , 0, ki, 0, . . . , 0), so it generates (Sx( ai _ 1 )V* ® Sx( a[ )^ r i) SL( - Vl ^ ■ 
Since A(a/) = A(a/_i) + (ki) ai , then pf (V (a 2n _i + i) • • ■ V(ai)) is a generator of SpSI(Q, a). 

, * V 

In the summand of SpSI(Q, a) indexed by the families of partitions in which A(oj) = (kj,. . . , kj), 
with kj G N, we have that (S X ( aj )Vj) SL(Vj) ® (5 , A(a J )K+i) 5p{Kl+l) is generated by a semi- 
invariant of weight (0, . . . , 0, kj, 0, . . . , 0, 0) where kj is the j-th component and we note, 
as before, that (det(V(a n ) ■ ■ ■ V(aj))) kj is a semi-invariant of weight (0, . . . , 0, kj, 0, . . . , 0, 0). 
Since A(a j ) = A(oj_i) + (kj) a ^ =an +\ det(V(a n ) ■ ■ ■ V(aj)) is a generator of SpSI(Q, a). □ 

Proof of Theorem [379] By lemma l3~il we can define pf v if V = r~ W, since we are deal- 
ing with symplectic case. Moreover we note that P^n+i-t = T~VVi ) 2n+i--i/ for every i G 
{1, . . . , n} . Hence using the theorem l3.10[ the proof is similar to the proof of theorem !3.5l □ 

3.4. The orthogonal case for A2 n +i- We restate the Theorem ll.l4l in the following way 

Theorem 3.11. Let (Q, a) be an equioriented symmetric quiver of type A 2n+ \ and let a be an or- 
thogonal dimension vector. Then OSI(Q,a) is generated by the following indecomposable semi- 
invariants: 

(i) c^, * of weight ( dim Vj.j, ■)— £ n +i,dim v { for every 1 < j < i < nsuch that ( dim Vjj, a) = 0. 

(ii) c Vi ' 2n+1 - i of weight ( dkn Vi^n+i-i, •) for every i G {1, . . . ,n}. 

The result follows from the following statement 

Theorem 3.12. Let (Q, a) be an equioriented symmetric quiver of type A 2n +i, where 

Q : 1 2 • • • n n + 1 ^ n + 2 ■ ■ ■ 2n ^ 2n + 1, 

and let V be an orthogonal representation, dim (V) = (a±, . . . , a n +i) = at. Then OSI(Q, a) is 
generated by the following indecomposable semi-invariants: 

(i) det(V(ai) ■ ■ ■ V(a,j)) with j < i G {1, . . . , n + 1} if min(otj + i, . . . , on) > ctj = ct;+i; 

(ii) det(V(a 2n -i+i) ■ ■ ■ F(ai)) with i G {1, . . . ,n} ifmin(ai+i, . . . ,a n +i) > ai. 

Proof. We proceed by induction on n. For n = 1 we have the orthogonal representation 

v 1 v -nv 2 = vr^ )t v l * 

where V\ is a vector space of dimension a\, V 2 is a orthogonal space of dimension a 2 and 
V(a) is a linear map. By theorem ll.181 

OSI(Q,a) = ©(flM) M W ® (SxV 2 ) s °W. 
AeA 
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By proposition 11.191 and proposition 11.211 OSI(Q, a) / if and only if A = (k, . . . , k), for 
some k G 2N. Moreover we have that (S {kai) Vi) SL( - Vl ^ ® {S {kai) V 2 ) so{V2) is generated by a 
semi-invariant of weight (k,0). If ai > a 2 then S\ V 2 = unless A = and in this case 
OSI{Q, a) = k. If ot\ = a 2 then ht(X) = a\ = a 2 . We note that detV(a) k is a semi-invariant of 
weight (k, 0). Hence (S" A li) 5L(yi) ® (S^) 50 ^ is generated by the semi-invariant detV{a) k , 
so OSI(Q,a) = k[detV (a)]. Finally if ct\ < a 2 we note that det(— V(a) t V{a)) k is a semi- 
invariant of weight (k, 0) so (S\Vi) SL( - Vl ^ <8> (S'aV^) 50 ^ 2 ^ is generated by the semi-invariant 
det(-V(aYV(a)) k and thus OS/(Q, a) = k[(M(-V(a)V(a))]. 

Now we prove the induction step. Let X = ORep(Q, a) and by theorem ll. 181 we obtain 

OSI{Q,a) = (k[X}) SO(V) = 

(S^V,) 3 ^ ® (S x(ai) V 2 * ® S x{a2) V 2 ) SL ^® 

A(ai),...,A(a n )eA 

• • • ® (S Kan -i)K ® ^A(a„)K) M(K) ® (5 A(an) K+l) 5 ° (V/ " +l) , 

The proof of this theorem is the same of the proof of the theorem !3.6l up to when we have to 
consider a n+ \. As in the proof of theorem l3.6l we can suppose a\ < ■ ■ ■ < a n , otherwise, by 
induction, we can reduce to a smaller quiver. 

By lemma IZlTl we have the generators det V(a,i) = det V(a(a,i)) if a>i = cui+i, 1 < i < n — 2. 
By proposition ll.20[ we obtain that there exist fei, . . . , k n G N such that 

A(cij) = (fcj + • • • + hi, . . . , ki + • • • + ki, . . . , ki, . . . , ki), 
for every i G {1, . . . , n}. 

Now, by proposition 11.211 X(a n ) must have even rows. If a n+ i = aj < aj+i < ■ ■ ■ < a„ 
for some j G {1, . . . , n} then S\( an -\V* + i = unless k n + ■ ■ ■ + kj+i = 0, so A(a n ) = • • • = 
A(cij+i) = X(aj). As before, by lemma l2Tl7l we can consider the smaller quiver Q 1 : 1 — > 
2 • • • j — > n + 1 — ► 2n - j + 2 • • • In — ► 2n + 1 and then 

osi(Q, a ) * (s^n) 3 ^ ® • • • ® (5 A(a ^ l) y; ® s A(aj) v}) 5L ^® 

(17) ® 5 A(0 .)F n ) SL ( y ") ® (s A(0 .)K+i) 50(v " +i) , 

where 

A(ttj ) = (/cj -)-•••-{- k\ , . . . , kj -\- • ' ' -\- k\ , . . . , kjj . . . j kjjj 

and kj + - ■ -+k\, ... ,kj have to be even otherwise, by proposition ll.211 (5 A ( aj )T4+i) 5 °^" +1 ' ) = 

0. Hence k\ has to be even for every I G {1, . . . Now to complete the proof it's enough to 

find the generators of the algebra (17]) for a n+ \ = aj < ctj+i < ■ ■ ■ < a n . 

By proposition OB for every I G {1, . . . , j}, (S^jV? ® 5 A(a;) ^) 5L ( yi ) is generated by a 

semi-invariant of weight (0, . . . , 0, ki, 0, . . . , 0) where k\ G 2N, is Z-th component. We note 

that 

V(a 2n . l+1 ) ■ ■ ■ V{ai) G OSI(Q,a) » (det(V (a 2n _ l+1 ) ■ ■ ■ V(ai))fi 

is a semi-invariant of weight (0, . . . , 0, ki, 0, . . . , 0), so it generates (S\( ai ^Vf^Sx^Vi) 31 ^- 
Since A(a/) = A(a;_i) + (ki) ai , then def(y(a2n-i+i) • • • V"(aj)) is a generator of OSI(Q, a). 
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In the summand of OS T(Q, a) indexed by the families of partitions in which X(aj) = (kj, . . . , kj), 
with kj € 2N, we have that (5 , A(aj) V 7 ) 5L( ^ ) <g> (S , A(aj) K+i) 50(V " +l) is generated by a semi- 
invariant of weight (0, . . . , 0, kj, 0, . . . , 0, 0) where kj is the j-th component and we note, 
as before, that (det(V(a n ) ■ ■ ■ V(a,j))) k i is a semi-invariant of weight (0, . . . , 0, kj, 0, . . . , 0, 0). 
Since A(a i ) = A(oj_i) + (kj) a > = a ™+\ det(V(a n ) ■ ■ ■ Vfa)) is a generator of OSI(Q, a). □ 

Proof of Theorem \3.11\ Using the theorem 13.121 the proof is similar to the proof of theorem 
H3 □ 
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